Abstract. In this paper, we establish a non-integrated defect relation for a meromorphic map of a complete Kähler manifold whose universal covering is biholomorphic to a ball in C m into P n (C) intersecting hypersurfaces in general position, as well as an application to the Gauss map of a closed regular submanifold of C m . The result provides a complement to the recent result of Ru (2004) on a defect relation for meromorphic mappings from C m into P n (C) intersecting hypersurfaces in general position.
Introduction
Relating to the study of the value distribution of the Gauss maps of complete minimal surfaces in R m , H. Fujimoto (see [4] ) introduced the notion of the nonintegrated defect for a holomorphic map of an open Riemann surface M into P n (C) and obtained some results analogous to the classical defect relation. In [5] , he generalized these results to the case of a meromorphic map of a complete Kähler manifold M whose universal covering is biholomorphic to a ball in C m into P n 1 (C)× · · · × P n k (C) and the meromorphic map satisfies a certain growth condition (see the condition in Theorem 1.1).
Let M be an m-dimensional complex Kähler manifold. Let f be a meromorphic map of M into P n (C), μ 0 be a positive integer and D be a hypersurface in P n (C) of degree d with f (M ) ⊂ D. We denote the intersection multiplicity of the image of f and D at f (p) by ν f (D)(p) and the pull-back of the normalized Fubini-Study metric form Ω on P n (C) by Ω f . The non-integrated defect of f with respect to D cut by μ 0 is defined by 2π ∂∂ log h 2 ≥ Ric ω for some non-negative constant ρ. In this paper, we extend the results in [5] to the case where f (M ) intersects with hypersurfaces instead of hyperplanes; namely, we prove the following main theorem. 
We remark that in the case M = C m , we also have the following statement (see Theorem 4.5 and Corollary 4.6) which is essentially due to Min Ru (see [10] and [9] ) without the truncation and to An and Phuong with the truncation (see [1] [10] and [11] of dealing with hypersurfaces in general position. The proof gets down to the construction of such a function u on M which contradicts Yau's result mentioned above if the theorem fails.
Preliminaries
First of all, throughout the article, we'll use the common letter K to denote a constant, even when it should be replaced by a new constant. Let h be a non-constant
By a divisor on a domain G in C m we mean a map ν of G into Z such that, for each z 0 ∈ G, there are non-zero holomorphic functions h and g on a connected
for each z ∈ U outside an analytic set of dimension ≤ m − 2. Two divisors are regarded as the same if they are identical outside an analytic set of dimension ≤ m − 2.
Take a non-zero meromorphic function ϕ on a domain G in C m . For each z 0 ∈ G, we choose non-zero holomorphic functions g and h on a neighborhood
, which are independent of the choices of h and g and so are globally well-defined on G. Let f be a meromorphic map of
Then the pull-back of the normalized Fubini-Study metric form Ω on P n (C) by f is given by
Fixing r 0 < R 0 , the characteristic function of f is defined by
We then have (see [12] , pp. 251-255),
Let μ 0 be a positive integer or ∞ and ν be a divisor on a domain
We define the counting function of ν truncated by μ 0 by
where
Let D be a hypersurface in P n (C) of degree d, and let Q be the homogeneous
which is rephrased as the intersection multiplicity of the image of f and D at f (z). We define the (truncated) counting function of D for f by, for fixed r 0 < R 0 ,
By the first main theorem,
The relationship between the non-integrated defect and the classical Nevanlinna's defect is given as follows.
where δ is the classical Nevanlinna's defect.
Proof. Take η satisfying the condition ( ) in the definition of δ
is then plurisubharmonic, where h is bounded and ϕ is holomorphic on B(R 0 ) with
where K is a constant, because h is bounded from above. This implies that
.
The generalized Wronskians and the lemma of the logarithmic derivative
We first recall the following lemma of the logarithmic derivative.
Theorem 3.1 (See [5],Theorem 3.1). Let φ be a non-zero a meromorphic function on B(R
where K is a constant not depending on each r and R, and z α := z
. . , L l be linear forms of l variables and assume that they are linearly independent. Theorem 3.1 implies the following proposition. 
Proof. By the property of the Wronskian (see [5] , Proposition 4.9),
where C is a constant depending only on L 1 , . . . , L l . Hence, we only need to estimate
Again, by the property of the Wronskian (see [5] , Proposition 4.9), we can write χ as
where σ i 1 ···i l is the permutation from (1, 2, . . . , l) to (i 1 , . . . , i l ). Therefore, the above integrand can be estimated from above by a positive constant multiple of the sum of some functions of the type
By the Hölder inequality, we obtain
On the other hand, by (2.5) in [5] ,
.., l. Therefore, we conclude that
This completes the proof of the proposition.
Proof of the main theorem
In this section, we prove the main theorem (Theorem 1.1). Before doing that, we first prove some preparation lemmas.
Let D 1 , ..., D q be hypersurfaces in P n (C) of degree d, located in general position, and let Q j , 1 ≤ j ≤ q, be homogeneous polynomials defining D j . Let N be a large integer (to be determined later), and let V N be the space of homogeneous polynomials of n + 1 variables of degree N . Pick n distinct polynomials γ 1 , ..., γ n ∈ {Q 1 , . . . , Q q }. Arrange the n-tuples i = (i 1 , ..., i n ) of non-negative integers by lexicographic order. Define, for the n-tuples i = (i 1 , ..., i n ) of non-negative integers with σ(i) :
Clearly, W (0,...,0) = V N and W i ⊃ W (i ) if i ≥ i, so that the {W i } in fact define a filtration of V N . We recall the following lemma due to [3] . 
Lemma 4.2 (See [10], Lemma 3.2). There is an isomorphism
, where l = N + n n . Moreover, l satisfies the following estimate:
where I(x) := min{k ∈ N : k > x} for a positive real number x.
Proof. First notice that
Now since N is divisible by d, it follows from Lemma 4.1 that
. . , i n+1 ) and, in the above, we used the fact that the number of non-negative integer m-tuples with sum ≤ T for a positive integer T is equal to the number of non-negative integer (m + 1)-tuples with sum exactly T , which is
To estimate l, we use the following inequality: 
We now prove the main theorem. Since the universal covering of M is the unit ball in C m , by lifting f to the covering, we may assume that M = B(1) ⊂ C m . So we let f : B(1) −→ P n (C) be an algebraically non-degenerate map. The proof of the main theorem breaks into the following two cases: the case (1) there exists a numbering {i 1 , . .., i q } of the indices 1, ..., q such that
Since Q 1 , ..., Q q are in general position, the Hilbert Nullstellensatz implies that for any integer k, 0 ≤ k ≤ n, there is an integer m k ≥ d such that
where c 1 is a positive constant depending only on the coefficients of b jk , thus depending only on the coefficients of Q j . Therefore,
By (4.5) and (4.6), we get 
We extend the previously constructed basis in W i by adding these representatives. In particular we have obtained a basis for W i and our induction procedure may go on unless W i = V N . Note that if we let ψ be an element of the basis constructed with respect to W i /W i , then we may write ψ = γ
where c 2 is a positive constant which depends only on f and Q 1 , . . . , Q q . Observe that there are precisely i such functions ψ in our basis. Write
where, as we noted earlier, K is a constant depending only on f and D 1 , . . . , D q which may be different each time. So
thus, using (4.1),
On the other hand, from (4.7), we get
Combining (4.9) and (4.10), we derive that
Hence,
We continue with the proof of the main theorem by absurdity. We assume that
Then, from the discussion earlier, there exist constants η j ≥ 0 and continuous plurisubharmonic functionsũ
.., q, and
where ϕ j is a non-zero holomorphic function with ν
and u j − log |ϕ j | is plurisubharmonic, where ϕ j is a non-zero holomorphic function with ν
where is the integer defined in (4.1). We now show that v is plurisubharmonic on M = B (1) . To do so, we need the following lemma.
Proposition 4.4. In the above situation, set
outside an analytic set of codimension at least two.
Proof. Let I F be the indeterminacy set of F , and take a ∈ B (1) Now for each a ∈ B(1)\I F , without loss of generality, we may assume that Q j (f ) vanishes at a for 1 ≤ j ≤ q 1 and that Q j (f ) does not vanish at a for j > q 1 . By the assumption that the Q j 's are in general position, we know that q 1 ≤ n.
For
. . , Q n } as discussed earlier, and take a basis ψ 1 , ..., ψ l of V N according to this filtration. Then, there are linearly independent linear forms
, the generalized Wronskian of F . From the basic properties of the generalized Wronskian (see [5] Proposition 4.9),
where C is some constant. Let ψ be an element of the basis {ψ 1 , . . . , ψ l }. As we discussed earlier, we may write ψ = Q
and note that there are i such that ψ is our basis. Assume that ν
, by the claim (note that there are i such that ψ is our basis), and noticing that |α
On the other hand,
From the above proposition, by the definition of v (see (4.16)), and using the fact that u j − log |ϕ j | is plurisubharmonic and ν
, we see that v is plurisubharmonic on M = B (1) .
We now continue our proof. By the growth condition of f (see (4.12)), there exists a continuous plurisubharmonic function w ≡ −∞ on B(1) such that 
The contradiction will appear if we can show that
. So, using (4.14),
By the help of the identity (cf. [12] , p.226)
we have
On the other hand, by (4.11), 
